We evaluate the quantum correlators associated with the Maxwell field vacuum distorted by the presence of plane parallel material surfaces. Regularization is performed through the generalized zeta funtion technique. Results are applied to a local analysis of the atractive and repulsive Casimir effect through Maxwell stress tensor. Surface divergences are shown to cancel out when stresses on both sides of the material surface are taken into account. Since an atom can be considered as probe of the local distortion of the quantum vacuum, Casimir-Polder interactions between atoms and material surfaces are also considered.
Introduction
According to Casimir [1] , the (macroscopically) observable vacuum energy of a quantum field is the regularized difference between the zero point energies with and without the external conditions demanded by the particular physical situation at hand. In the case of the quantized electromagnetic field confined between two infinite parallel conduction plates separated by a distance a, Casimir's conception of the vacuum energy leads combined with the principle of virtual works lead to a force per unit area between the plates given by
Until 1997 only one experiment involving Casimir's original setup had been performed [2] . Recently, however, the experimental observation of this tiny force with metallic surfaces was significantly improved by the experiments due to Lamoreaux and to Mohideen and Roy [3] .The concept of an observable vacuum energy can be extended to all quantum fields and several types of boundary conditions and/or applied external fields. A review of all these Casimir effects can be found in, for example, Mostepanenko and Trunov or in Plunien et al. [4] . The local approach to the electromagnetic Casimir effect was initiated by Brown and Maclay who calculated the renormalized stress energy tensor between two parallel perfectly conducting plates by means of Green functions techniques [5] . An interesting approach to the standard Casimir effect is the one due to Gonzales [6] . Gonzales [6] pointed out that the apparently not objectionable definition of the vacuum energy given above could easily lead to conceptual errors and stressed the fact the in any Casimir interaction calculation contributions from both sides of the material surfaces involved must be taken into account. This is so because the vacuum pressure always pushes the material surfaces involved, therefore, the repulsiveness or atractiveness character of the Casimir force depends on the discontinuity of the relevant component of the quantized Maxwell stress tensor at the location of the surface.
The purpose of this paper is to pursue this line of reasoning by analyzing the stresses on parallel material surfaces due to the vacuum distortions caused by the presence of these surfaces through the quantized Maxwell stress tensor. Though the approach chosen here has many points in common with the ones cited above, it is a different alternative in the sense that it relies on objects known as correlators, which are vacuum expectation values of products of field components taken at the same point in space and time. These correlators contain all the information we need on the local behavior of the vacuum expectation values of elements of Maxwell stress tensor, in particular, their behavior near both sides of the material surface in question, a feature crucial to the obtention of the correct result. The local behavior of the Maxwell tensor, or of the relativistic symmetrical stress-energy tensor, is extremely important because as shown by, for example, Deutsch and Candelas [11] with the help of Green functions technique, as we approach the boundaries we find strong divergencies that cannot be removed by renormalization. Besides reviewing the obtention of the electromagnetic Casimir for the standard case of two perfectly conducting parallel plates, we will also consider a pair of parallel plates, one of them perfectly permeable. This setup was first proposed by Boyer [7] who analyzed them from the viewpoint of random electrodymanics and it is the simplest example of a repulsive Casimir force. For both cases, the conducting plate and Boyer's setup we also construct the symmetrical stress tensor. An atom can be attracted or repelled by a material surface, thus probing locally the vacuum distortions, for these reasons we also include a derivation of the Casimir-Polder interaction between an atom and a material surface.We will employ gaussian units and set c = = 1.
Maxwell stress tensor and electromagnetic field correlators
Our aim is to derive an expression for the quantum version of the electromagnetic force per unit area acting on plane material surface. By material surface it must be understood a perfectly conducting plane surface (ǫ → ∞) or a perfectly permeable one (µ → ∞) whose linear dimension L is much larger than the other possible relevant lenghts involved, as for instance the separation between two of such surfaces. The physical interaction between the material surface and the electromagnetic field is simulated by appropriate boundary conditions imposed on the vacuum oscillations of the electromagnetic field on the material surface. The classical Maxwell stress tensor components in Cartesian coordinates and gaussian units read [8] T ij = 1 4π
where i, j = x, y, z. Suppose that a material surface is placed perpendicularly to the OZ direction as shown in the figure. Upon quantization of the electromagnetic field we can write down the quantum version of Eq.(2). For example, 
wheren is the outward normal to the boundary ∂V . Classically, Eq. (4) is obtained by integrating the Lorentz force per unit volume acting on a distribution of charges and currents and eliminating the sources in favor of the fields. From a quantum point of view, we see then that the problem of calculating the electromagnetic pressure due to zero point oscillations on a material surface reduces to the evaluation of the vacuum expectation value of the quantum operatorsÊ i (r, t)Ê j (r, t),B i (r, t)B j (r, t) , andÊ i (r, t)B j (r, t) or correlators at the location of the surface. The evaluation of these correlators depends on the specific choice of boundary conditions. A regularization recipe is also needed because these objects are mathematically ill-defined. For the conducting parallel plates setup these correlators were evaluated by Lütken and Ravndal who quantized the field in the Coulomb gauge and expanded it in multipoles [14] . They can be also be obtained from the coincidence limit of the photon propagator calculated by Bordag et al [15] . Here we will show our version of their evaluation in which the regularization recipe is the generalized zeta function technique [16] . We will also how to obtain the corresponding results for Boyer's setup. Consider the setup consisting of two infinite perfectly conducting parallel plates (ǫ → ∞) kept at a distance a apart from each other. We also choose Cartesian axes in such a way that the OZ axis is perpendicular to both plates. One plate will be placed at z = 0 and the other one at z = a. Classically the electromagnetic fields must satisfy the following boundary conditions on both plates: the tangential components E x and E y of the electric field as well as the normal component B z of the magnetic field must vanish on the plates. It is convenient to work with the vector potential A(r, t) in the Coulomb gauge in which ∇ · A(r, t) = 0, E(r, t) = −∂A(r, t)/∂t and B(r, t) = ∇ × A (r, t). Then the physical boundary conditions combined with our choice of gauge permit us to translate the boundary conditions in terms of the vector potential components. At z = 0 we have:
and at z = a we have:
The vector potential operatorÂ(r, t) that satisfies the wave equation, the Coulomb gauge condition and the boundary conditions stated above can be written in the form:
where κ = (k x , k y ) and ρ is the position vector in the xy-plane and the prime means that the term n = 0 must be multiplied by a factor 1/2. The normal frequencies are given by
where k x , k y ∈ R and n ∈ N−1. The Fourier coefficientsâ (λ) (κ, n) where λ = 1, 2 is the polarization index, are operators acting in the photon state space and satisfy the commutation relation
It is convenient to write the vector potential in the general form:
where
κn (r) denotes the mode functions. The mode functions for each polarization state obey Helmholtz equation and satisfy the boundary conditions stated above. In our case the mode functions are given by:
and
Next we evaluate the electric field operatorÊ(r, t). Recalling thatâ (λ) (κ, n)|0 = 0, we first write for the correlators <Ê i (r, t)Ê j (r, t) 0 a general expression of the form:
where we have introduced the mode functions E iα (r) for the electric field. In our case (11) and (12) yield, respectively
(15) Now we substitute (14) and (15) into (13), writeκ i = cos φ δ ix + sin φ δ iy ,ẑ i = δ iz and (ẑ ×κ) i = sin φ δ ix −cos φ δ iy , where φ is the azimuthal angle in the xy-plane and compute all the angular integrals. In this way we wind up with
where δ ij := δ ix δ jx + δ iy δ jy and δ ⊥ ij := δ iz δ jz . Equation (16) gives only a formal expression for the field correlator E i (r, t)E j (r, t) 0 , since it is an ill-defined expression plagued by divergent terms. Therefore, it lacks of physical meaning unless we adopt a regularization prescription. We will regularize the integrals in equation (16) by having recourse to the generalized zeta funtion method [16] . Consider for example the first integral that appears on the r.h.s. of Eq.(16) and rewrite it as follows
After explicit evaluation of this integral we take the limit s → 0. For the moment, let us assume that ℜ s is large enough to give a precise mathematical meaning to this integral. Making use of the following integral representation of the Euler Beta function, (c.f. formula 3.251.2 in [17] ):
where B(x, y) = Γ(x)Γ(y)/Γ(x + y), which holds for ℜ ν + µ 2 < 1 and ℜ µ > 0, we get
Inserting this result into the first term of the r.h.s. of (16) (call it T 1 ), it takes the form:
where ζ R (z) is the well-known Riemann zeta function. Performing the analytical extension to the s-complex plane and taking the limit s → 0, we get
where we have made use of ζ R (−3) = 1/120 , defined ξ := πz/a and written
The sum on the r.h.s. of Eq.(21) can be readily regulated by expressing it in terms of exponential functions and appropriate rotations of the angles. The result is
Treating the other two terms on the r.h.s. of (16) in the same way it is a straightforward matter to obtain finally
The function F (ξ) is defined by
For later use we display the behavior of F (ξ) near ξ = 0,
Near ξ = π we need only to make the substitution ξ → ξ − π. Notice the strong divergent behavior of both correlators near the plates, a feature that is lost when we make use of global methods such as the mode summation method. Applying the same procedure to the evaluation of the magnetic field correlators, we obtain
A straightforward calculation along the lines given here or the use of time-reversal invariance shows that the correlators < E i (r, t)B j (r, t) 0 are zero. In passing, observe that no subtractions were required by our regularization procedure. This is a common feature of regularization prescriptions based on analytical extensions.
The other setup we are interested in is the one in which a perfectly conducting plate is placed at z = 0 and a perfectly magnetically permeable one is placed at z = a. This setup was analyzed by the first time by Boyer in the context of random electrodynamics [7] and it is the simplest example of occurrence of repulsive Casimir pressure that can be found in the literature. The boundary conditions now are: (a) the tangential components E x and E y of the electric field as well as the normal component B z of the magnetic field must vanish on the metallic plate at z = 0. (b) The tangential components B x and B y of the magnetic field as well as E z must vanish on the permeable plate at z = a. These boundary conditions combined with in terms of the vector potential components read as follows: at z = 0 we have
On the other hand, at z = a ∂ ∂x A x (x, y, a, t) = 0 ; ∂ ∂y A y (x, y, a, t) = 0 ; A z (x, y, a, t) = 0 .
The appropriate vector potential operatorÂ(r, t) now is given by [10] A(r, t) = 1 π π a
where as before κ = (k x , k y ) and ρ is the position vector in the xy-plane. The normal frequencies are given by
where k x , k y ∈ R and n ∈ N−1. The electric and magnetic field correlators for Boyer's setup can be evaluated with same zeta function regularization technique employed above, for details see Ref.
[10], here we merely state the results
where as before ξ := πz/a and the function G (ξ) is defined by
Near ξ = 0 this function behaves as
but near ξ = π its behavior is slightly different
Again it can be shown by a atraightforward calculation that Ê i (r, t)B j (r, t) 0 = 0 in this case also.
The strong divergent behavior of the field correlators near the material surfaces we are interested in are a marked effect of the distortions of the electromagnetic vacuum oscillations near these surfaces with respect to a situation where the material surfaces are absent. The fact has received the attention of several authors, see for instance [?] . Nevertheless, we will see that here the divergent behavior of the field correlators near the plane material surfaces are cancelled out when we consider the stresses on both sides of the surfaces and seek for the stress on the surfaces.
Quantum electromagnetic stresses and the conducting plates setup
In order to apply to the original Casimir setup the results presented above we consider three perfectly conducting parallel surfaces located perpendicularly to the OZ axis at at z = 0, z = a and z = ℓ, respectively. The classical electromagnetic mode functions must satisfy boundary conditions on each one of these surfaces which read E x = 0, E y = 0 and B z = 0. Quantum-mecanically the electromagnetic mode functions remain the same and these boundary conditions can be translated into
We shall assume that Eq. (37) holds on the conducting surface and very near to it. Lets consider T (−) zz (z) 0 when z → a from the left. Making use of Eqs. (24), (27), (26) and of (4) we can write the force per unit area as
where A is the area of the square plate and the condition √ A ≫ a, l is supposed to hold. In order to complete this calculation we must now consider T (+) zz (z) 0 when we approach the plate at z = a from the right. Then making use again of Eqs. (24), (27), (26) (4) we now obtain
where nowξ := π (z − a) / (ℓ − a). The resultant perpendicular force per unit area on the plate at z = a is given by
If ℓ = 2a the force per unit area on this plate is zero as it should on symmetry grounds. Finally, taking the limit ℓ → ∞ we obtain
which is the expected result. The minus sign shows that the resultant pressure is towards the region between the plates. If we simultaneously take the limit ℓ → ∞ keeping the distance ℓ − a constant and make the replacement a → ℓ − a the pressure changes its sign, but it still pushes the plate at z = a towards the one at z = ℓ. Notice how conveniently the divergent terms on both sides of the plate cancel out yielding the final finite result. It must be remarked that the divergent terms in Eqs.(38) and (39) are of a different nature from those stemming from, for instance, cutoff regularization methods, see [6] . There the divergent terms present in the expression for the perpendicular forces do not depend on the distance to the conducting plates as is the case here but on a cutoff parameter λ. This cutoff eliminates the ultraviolet divergency. In the approach we have chosen here the ultraviolet divergency has been already taken care of. Recall that the correlators are already renormalized. Their divergent behavior near the plates represents another type of divergence. It is worth mentioning that the atractiveness of the Casimir force in the case in question is due to the preponderance of the electric sector over the magnetic one as can be inferred from (37). In order to evaluate the renormalized symmetrical stress-energy tensor Θ µν (z) ren we have to evaluate the energy density ρ (z) ≡ Θ 00 (z) 
Making use of the correlators given by Eqs. (24) and (27) we obtain the Casimir energy density for the conducting plate
This result is due to the fact that the divergent pieces in Eqs. (24) and (27) cancel out yielding a constant and finite vacuum energy density. Recalling that Θ ij (z) = −T ij (z), see [8] , the remaining components of the renormalized traceless symmetrical stress-energy tensor are easily evaluated with the help of Eq. (2) and of Eqs. (24) and (27). The final result is Θ µν (z)
which is in perfect agreement with Brown and Maclay 's results [5] . The Casimir force between the conducting plates, Eq.(41), follows from Eq.(44) upon the application of the principle of the virtual work.
Quantum electromagnetic stresses for a conducting and a permeable plate
Let us now consider the setup first proposed by Boyer [7] which consists of a perfectly conducting plate placed perpendicularly to the OZ axis at z = 0 and parallel to an infinitely permeable one placed at z = a. However, as before, in order to apply correctly Eq.(3) to this system we must place a third plate, say another infinitely permeable one, at z = ℓ. The boundary conditions on the spatial part of the electromagnetic vacuum oscillations on the conducting plate are as before E x = E y = 0 and B z = 0. On the infinitely permeable plates the boundary conditions read: B x = B y = 0 and E z = 0. From Eq.(3) we see that the force per unit area perpendicular to the plate located at z = a is T (±)
We assume as before that Eq. (45) holds on the infinitetly permeable plate and very near to it. Lets consider T (33) and (35) we now obtain
Consider now T (+)
when we approach the permeable plate at z = a from the right.
Then making use again of Eqs. (32) and (33) and (35) we obtain
where nowξ := π (ℓ − z) / (ℓ − a). Once again the resultant perpendicular force per unit area on the plate at z = a is F
(z) /A, therefore adding Eqs. (46) and (47) and taking the limit ℓ → ∞ we arrive at
which is the original result obtained by Boyer [7] and later by other authors [8] for this setup. This time the Casimir pressure turns out to be repulsive. As in the conducting plate setup, with the help of Eqs. (32) and (33) a simple and straightforward calculation shows that the electromagnetic symmetrical stress tensor for Boyer's setup is given by
As before, the (repulsive) Casimir pressure can be derived from this tensor upon the application of the principle of the virtual work
Casimir-Polder interaction
From the classical point of view, the induced electric polarization density P can be thought of as a functional of the electric and magnetic fields E and B. In most cases only the functional dependence on the electric field is relevant. Moreover, often we can assume that this dependence is linear and local, that is, P [E] = α (ω) E, where α (ω) is the electric polarizability. It can be shown that under conditions where retardation effects must be taken into account it is sufficient to consider the static electric polarizability α (0) [19] . If the electric field changes by δE the interaction energy between the polarizable object and the electric field will change by δV = −P [E] · δE = −α (0) E·δE. Therefore, if the field varies from zero to some finite value E, the total interaction energy is V E = −α (0) E 2 /2. In the quantum version of this interaction potential we just replace E 2 by its associated vacuum expectation value, Ê 2 0 . The same reasoning holds when we consider an induced magnetization M. The interaction potential energy between a magnetically polarizable molecule and the magnetic field fluctuations is given by V M = −β (0) B 2 /2, where β (0) is the static magnetic polarizability. The correlators given by Eqs. (24) and (27) allows us then to obtain straightforwardly expressions for the interaction potencial energy of an electrically or a magnetically polarizable molecule placed between two conducting plates. Let us consider first an electrically polarizable atom or molecule placed at a distance z from the conducting plate located at z = 0. The interaction energy is given by
where α is the static polarizability of the molecule. Making use of Eqs. (24) and (27) we can easily evaluate Ê 2 (z) 0 and take the result into the above equation thus obtaining
Making use of Eq. (26) and taking the limit a → ∞ we obtain the interaction energy between a conducting plate and a polarizable atom
If we place a magnetically polarizable atom or molecule between the two conducting plates the interaction potential energy is
If the atom or molecule is both magnetically and electrically polarizable the total interaction potential energy is simply V (z) = V E (z) + V M (z), that is, 
which is in agreement with [12] and [13] . This result also agrees with the part of the potential obtained by Casimir and Polder which depends on the electrical polarizability [18] . The polarizable atom or molecule can be placed between the conducting plate at z = 0 and the permeable one at z = a. In this case making use of Eqs. 
There are now two single plate limits to be considered. Near the conducting plate at z = 0 the potential is given by Eq.(55), but near the perfectly permeable plate ξ = a the potential is repulsive and given by
where we have made use of Eq.(36). Image dipole fields are neglected here and hence the results refers to only to the vacuum contribution to the interaction potential, keeping this mind we can say that the Casimir-Polder interaction probes certain features of the quantum vacuum structure between and near the material surfaces in question.
Conclusions
In this paper we have shown how to employ the equal time and space electromagnetic field correlators evaluated between parallel material surfaces to rederive results concernig the Casimir energy and pressure amd the symmetrical traceless stress energy tensor. This is a local alternative to the Green function technique. We have shown that for the cases we had in mind here finite results are obtained only when we consider what happens on both sides of the surface boundary. This consideration provided the mechanism by which precise cancellations occurred and finite results were obtained. This is in agreement with, for example, Ref. [11] and should be considered as a concrete example of the behavior of quantized fields near and on boundary surfaces. As a byproduct of these calculations we have also analyzed the Casimir and Polder interaction between an atom and parallel material surfaces.
